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n ten) T(n)

0 0 T
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40

as in Figure 1 and Figure 2. As the tape winds off the "feeder"
spool the radius of the tape left on the spool decreases. Let
pen) be this radius when the counter reads n. Then reO) = R,
the radius of the full tape spool. Using assumptions (i) and
(ii) we conclude, remembering that T is the thickness of the
tape, that

r(n) = R - nT

and as a good approximation,

v(t(n + 1) - ten»~ = 2nr(n)

· .. (1)

· .. (2)

that is, the length of the tape which passes over {he heads
during the (n + l)th rotati6n (in time ten + 1) - ten» of
the feeder spool, equals the circumference of the feeder spool
when its radius is ren). Hence

2n2n
ten + 1) - ten) = v r(n) = v (R-nT).

Now let a = TIT/V and (3 = 2nR/v; then

ten + 1) - ten) (3 - 2an. · .. (3)

We wish now to solve ( 3) for t in terms of n.
following list:

. t (n) - ten - 1) (3 2a en 1)

ten 1) ten 2) B 2a (n 2)

ten 2) ten 3) B 2a (n 3)

Consider the

t(2)

tel)

tel)

teO)

B

B

2a . 1

2a . 0

If we add up all these terms on the left we obtain ten) - teO)
= ten); and by adding up the right hand side we obtain
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But 1 + 2 + 3 + ... + (n - 1) is an arithmetic series with
common'difference 1 and with sum equal to

n(n - 1)
2

Hence
t (n) nS an(n 1)

2-an + (a + l3)n
2-an + yn; ... (4)

where y = a + 13. We must now assign values to a and y. This
can be done by timing the tape at a given recording speed for
say 400 and 800 revolutions on the counter. Then

t( 400)

t( 800)

-160 OOOa + 400y

-640 OOOa + 800y

Hence, solving the equations,

a = (2 t( 400)

y (4 t( 400)

t( 800) ) I 320 000

t(800»/800.

1200' Agfa PE3l C90 Hitachi

Reel to Reel tape DID Cassette

v 31 ips 31 ips
4 4

t(400) 25·4 minutes 23·5 minutes

t(800) 45·6 minutes 41·1 minutes

a O~OOO 016 0·000 018

Y 0·070 0·067

You should now be able to calculate your own values for a and
y, and so obtain a formula for your own tape and tape recorder.
The graphs in Figures 1 and 2 display theoretical and actual
values of ten) against n. The theoretical values in each case
are given by the curve; the actual values have been encircled.
Note that for different tape speeds and for different brands
of tapes (different thicknesses), you will need to recalculate
the values of a and y.
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HITACHI

t (n)

Figure 2

This graph should be kept handy when you do your recording.
Of course the larger the graph· you draw the more accurately
you can read off your times!

Research problem: Can you work out a similar theory for
relating the width of a track on a record with time needed
to play it? Of course you will have to make so~e assumptions,
for example that the grooves are equally spaced.

000000000000000000000000

PROBLEM 2.1~ (Part (a) is problem B4 of the H.S.C.
examination paper in Pure Mathematics in 1975.)

·43 2(a) A curve has equation y = 3x - 4x - 6ax + 12ax,
where a is a positive constant. For what values of x does
the curve have a horizontal tangent? Determine the nature
of all stationary points if (i) ·0 < a < 1, (ii) a = 1.

Sketch the curve when a = 1. State the coordinates of
all stationary points but make no attempt to determine exactly
the x-coordinates of any points (other than the origin) at
which the curve crosses the x-axis.

(b) Extend the discussion to cover (iii) a < 0, (iv) a 0,
and (v) a > 1.
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THE WONDERS OF NAURU HOUSE

"The stone finish on the panels [of Nauru House, Melbourne]
is small white pebbles mined from the Otway Ranges. These panels
fit together in a square plan form with shaved corners which
produce a hexagonal shape (four long sides and four short)."

Norman Day's Architecture article, The Age, 20 April 1977.



HOW LONG, HOW NEAR?

THE MATHEMATICS OF DISTANCE t

by Neil Cameron, Monash University

Mathematics often abstracts some concept from a range of
familiar contexts, extends it beyond· the confines of those
contexts and in so dbing gives the concept more precision
and ourselves a better understanding of it.

This has, for example, happened wi th the me.taphor of
distance which is so much part of our thinking and language:
unsuccessful generals may believe their strategies to be
cZose to that of Napoleon,while a rumour may be a Zong way
from the truth. We will be understood if we express the
opinion that, as musicians, Mozart and Haydn are fairly close
to each other while Haydn is a long way from Rod Stewart.
We might even represent this by a geometrical diagram as in
Figure 1 and deduce that Mozart also is a long way from Rod
Stewart.

Haydn

~~~~~~~_-_~~~~~Ste~art

Mozart

Figure 1

In mathematics, the term metric space has been coined
for any non-empty set X of objects together with a concept
of metric or distance d(x~y) between objects x, y in x.
The set X can be quite exotic, for example its objects may
be vectors, matrices, functions or even operations such as
integration. It might be more unusual to come across a
metric space of generals or of musicians.

Given a set X, there may be many different yet sensible
ways of measuring distance between objects in X. Consider
continuous functions f and g as shown in the graphs. We
ask if g is close to f? Is g a good approximation to
f? In each of the three cases, in certain circumstances,
the answer may be yes.

t This is the text of a talk to fifth and sixth formers given at Monash
University on March 25, 1977.
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If we measure the distance d(f y) between f and g
by using the area between the graphSt this may be small in all
cases, so that according to this distance criterion each g
may approximate f suitably well. In Figure 2(a), the
values of . g are quite different from those of f on a small
section of t~e domain. If we wish to prepare tables, such as
those correct to a specified number of decimal places, in
which we guarantee that no single entry is in error by more
than a stated small amount, we might use d(f~g) =
max{!f(x)-g(x) I : 0 ~ x ~l}, and then although the error is
localised, the metric distance between f and gl may be

too large to be acceptable. By this test g2 and g3 may

be satisfactory as approximations "to f. For some purposes,
g3 ought not to be regarded as close to f. The graph of

g3 is much longer than that of f 'and the gradient patterns

are very different. A metric which reflects these factors
will identify g3 as a poor approximation to f.

Once the underlying phenomenon, here distance, is recog
nised, the mathematician grasps the opportunity to abstract
it, develop an appropriate theory and then apply the results
to the varying contexts. This results, not only in a saving
of effort, but also in a deeper understanding of the phenom
enon.

One fundamental property of distance is expressed by
our first diagram or perhaps better by the assertion that
"a journey ·cannot be shortened by breaking it." Not every
situation where the distance metaphor is used has such a geo
metrical interpretation. For example in society, it is
quite possible for Brown to be very friendly with (or close
to) both Smith and Jones, but for Smith and Jones to hate
each other (or be very far apart).

t The area between f and g is measured by the integral J:lf(XJ-g(XJ1dx.
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Smith

1
\?

Brown

, Jones

'V

Figure 3

We cannot express this (the eternal triangle) by a dia
gram in which friendship is indicated by closeness; indeed
this difficulty has bedevilled personal relationships and
international diplomacy from the beginnings of mankind.

A distance function d(x~y) defines a metric space if
it satisfies the following conditions (the defining axioms
for metric spaces):

(Ml) d(x~y) is a non~negative number,

(M2) d(x~y) 0 ~ x and y coincide,

(M3) d(x~y) d(y~x) ,

and in line with the earlier discussion, the so-called triangle
inequality

(M4) d(x~y) + d(y~z) ~ d(x~z).

The listed axioms are few and simple to understand yet
on this foundation has been built a considerable branch of
modern mathematics, whose results are useful in such varying
fields as physics and economics.

Let me explore briefly only a few ideas of the theory.
If a E X and k > 0, define the open ball centred at a
of radius k as' the set

B(a;k) = {x EX: d(x~a) < k}.

Figure 4
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If X is familiar three-dimensional space with the usual
euclidean concept of distance such balls really do look like
balls (with outer skin removed, because of the < symbol).
In general their appearance can be quite different. For
example let X be a cartesian plane and define the distance
between two points in X as the larger of the distances
between the projections o~ the points on~o the x-axis and
y-axis respectively. (This metric is sometimes called the
chess-king metric as it measures the minimum distance covered
by a king in moving from point to point on an infinite chess
board.) In this situation the open ball of radius 1 centred
at the origin is square in appearance, as in Figure 5.

x

Figure 5

A situation we are familiar with in Melbourne is the
radial rail network, in which the usual distance notion is
radically warped. Consider a simplified situation (Figure 6)
in which X consists of long spokes spaced n/6 apart,
centred at Flinders Street. Travel is restricted to this
rail network. If P is a point 5 km out on a spoke from
Flinders Street then the open ball centred at P of radius
7 km appears as on Figure '6.

p

Figure 6

Let us prove that in every metric space every pair of
distinct objects can be separated by disjoint open balls.
This is an important result in the theory and the proof
demonstrates the importance of the axioms. Let the pair be



Y of a metric space
of Y if there is some
is an open set if it is

Y. It can then be proved

28

a and b. By (MI), d(a>bJ ~ O. In fact, since a f b, by
(M2) d(a,bJ > O. Write d(a 3 bJ = k. Then

I 1B(a ; 3kJ> B(b ; 3kJ will do. .

~- \ ;?; ~ \
\ aaJ ;Y//J
\ ~ . // Figure 7'\~

For, suppose these are not disjoint. Then for some w,
I Id(x 3 aJ < 3k and d(x,bJ < 3k.

. I
By (M3), d(a>xJ = d(x 3 aJ so d(a 3 xJ < 3k.

2By (M4), d(a 3 bJ ~ d(a 3 xJ +d(x3 b) < 3k.
2So d(a 3 bJ< 3k. But d(a 3 bJ = k, so we hav~ a contradiction.

Thus the balls are indeed disjoint.

Study this and see how vital the axioms are in the proof.
For yourself, relax (M3) and note where the argument breaks
down. If (M3) does not hold, redefine B(a; kJ symmetri
cally as {x EX: d(x,aJ < k & d(a,x) < k} ~nd prove that
the separation result still holds in such a space. This
sort of adaptation is at least worth noting since situations
not modelled by metric spaces may be modelled by spaces with
this weaker distance notion. Returning for a moment to the
axioms for a metric space and as an exercise for yourself,
show that one axiom ~s superfluous.

We can go on to define a subset
as a neighbourhood of an element a
ball B(a; kJ contained in Y; Y
a neighbourhood of all elements of
that

1. X and the empty set ~ are both open sets.
2. The union of any family of open sets is itself an open

set.
3. The intersection of finitely many open sets is itself

an open set.

If you can prove this (it is not too difficult), you
will have shown that every metric space is a topological space
for the more abstract concept of a topological space is
precisely a set X with a family of subsets, called open,
which satisfy the above three axioms.

From there you can go on to a study of topological spaces
in which there may be no underlying metric, but only the idea
of neighbourhood expressed using the open sets.
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Books

W.G. Chinn & N.E. Steenrod, 'First Concepts of Topology',
New Mathematical Library (Random House/Singer).

B. Mendelson, 'Introduction to Topology', Allyn & Bacon.

The next two problems will extend your knowledge of
topological spaces.

,(X) 00 00 00 00' 00 00 00 '00 00 00 00

PROBLEM 2.2. '.
I f -x is a cartes,ian plane and, for all points P, Q in X,

d(P, Q) is defined as Ix - ul + Iy - vi, where (x, y) are the
coordinates of P and (u, v) those of Q, verify that d is a
metric on X. Draw the open ball B ( (0, 0)· I) in this metric
space. . ' '

PROBLEM 2.3.
If X is a cartesian plane and, for all points P, Q in X,

d(P, Q) is defined as 0 if P = Q, and 1 if P f Q, verify that
d is a metric on X. Describe the open balls B«O, 0); 2) and
B«O, 0); !) in this metric space. Verify that every subset
of this metric space is open.

00 00 00 00 00 00

SOLUTION TO 'NONAGON'

o
o
o

Figure 2

o
o
o

'·v'·:
first player

Figure 1

The winning strategy for the second player that we out
line is based on: symmetry. Suppose that in his first move
the first player,removes two coins leaving the board as
shown in Figure i'below. The second player sh6uld then take
the coin exactly opposite so that after the second player's
move the board looks like Figure 2. .

~
second player

Notice that after these moves the coins are left in two
groups symmetrical about the dotted line. From this point on
all the second player has to do is to make moves which 'ipreserve"
the symmetry of the remaining arrangement about the dotted line.
(You can make a table of all the possible moves from this. point
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on and check that by playing as instructed player 2 will win.)

On the other hand if the first player removes only one
coin in his first move, can you describe what the second
player's first and later move$ should be in order to be sure
that he will win?

SOLUTION TO 'SLITHER' ON A 5 X 6 RECTANGULAR FIELD

On such a field the first player has an easy win by
taking the central edge and thereafter making his moves
symmetrically opposite to his opponent's moves.

In the next issue we shall describe solutions to more
complicated versions of SLITHER. You are invited to submit
your ideas about generalizations of the game (and their
solutions) to' the Editors.

PROBLEM 2.4.

THE. GUY IN
/H~ M/ODL.c.

/$ TOM

Three golfers named Tom, Dick, and Harry are walking
to the clubhouse. Tom, the best golfer of the three always
tells the truth. Dick sometimes tells the truth, while
Harry, the worst golfer, never does.

Figure out who is who.

(Hint: First figure out which one is Tom.)

PROBLEM 2.50 (This is Problem 1.4, modified. See
solution below.)

(i) The right hand digit of a natural number is to be
removed and replaced at the left hand end, so increasing the
original number by fifty per cent. Prove that this is impossible.
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(ii) Repeat part (i) with fifty replaced by seventy five.
Find all solutions. (Solutions invited.)

PROBLEM 2.6.
A person A is told the product xy and a person B is told

the sum x + y of two int~gers x, y, where 2 ~ x, Y ~ 200. A
knows that B knows the sum, and B knows that A knows the product.
The following dialogue develops:

A . I do not know {x, y}.
B: I could have told yoU so!
A: Now I know {x, y}.
B: - So do I.

What is {x, y}? (Solutions invited.)

PROBLEM 2.7.
A very good approximate method of calculating sin x for x

between 0 and TI/2 is·by means of the formula

sin x ~ x[l - 0-16605 x 2 + 0·00761 x 4 ]

Use a calculator or a computer to make your own table of sin x,
and compare it with published tables.

SOLUTION TO PROBLEM 1.4.

2
aiiO + aOlO + an)

n n-l
3(an lO + an_110 + ... + allO + a O)

n-l. n-2 n
that is, 17(10 a

n
_

l
+ 10 a

n
_

2
+ ... + 10a

l
+ a

O
) = (3·10- 2)a

n
.

Hence 17 divides 3.10n - 2 (it can't divide the digit an)' The
lowest n for which this is true is n = 15, when

14 1310 a
14

+ 10 a
13

+ ... + 10a
l

+ a
O

= 176 470 588 235 294 a
15

"

Write the number using the digits

x ana n _ 1 ·· '~2alaO = anIOn + an_IlO
n

-
l +.~.+ a 2 l0

2
+ aiiO + a O·

Removing the left digit and placing it at the right yields the
new number

n n-l 3 2 .
an_IlO + a n _

2
lO + ... + a 2 lO + aiiO + aOlO + an'

For this to be fifty per cent greater than the original number
we require

2(a
n

_
I

IO n + a
n

_
2
l0n - 1 +- .. +

Taking a
15

= 1 (2, 3, 4 or 5 could also be chosen) we get

x = 1 176 470 588 235 294.

Another possible n is n = 30, and of course still higher values
are possible.

(Solutions were received from Mark Michell and
Ms E. O'Gallagher.)
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I was at the Mathematical School, where the Master

taught his Pupils after a Method scarce im~ginable to us

in Europe. The Proposition and Demonstration were fairly

written on a thin Wafer, with Ink composed of a Cephalick

Tincture. This the Student was to swallow upon a fasting

Stomack, and for three Days following eat nothing but Bread

and Water. As the Wafer digested, the Tincture mounted to

his Brain, bearing the Proposition along with it.

Jonathan Swift: Gulliver's Travels:

A Voyaqe to Lapu ta, 172f'

00000000000000000000000000

Three hundred men are arranged in 30 rows and 10 .columns.

The tallest man is chosen from each row and then the shortest

man is chosen from these 30 men. On another occasion, the

shortest man is chosen from each column and then the tallest

man is chosen from these 10 men. Who is the taller, the

tallest of the short men or the shortest of the tall men?

000000000000000000

I had a feeling once about mathematics, that I saw it

all - Depth beyond depth was revealed to me - the Byss and

the Abyss ... I saw ... a quantity passing through infinity

and changing its sign from plus to minus. I saw exactly how

it happened and why the tergiversation was inevitable: and

how one step involved all the others ...

Winston S. Churchill:

00 00 00 00 00

My Early Life
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at .

the Rotunda Lecture·TheatreRl
). The remaininglectures·a.r~:

with deIll()l1str~ti()Jl.
nrC.F. Moppert

Mathematics·of Winds and Currents.
Dr· C.B. Fandry

Number·Theory.
DrR.T.Wc>rley

S~OIlehengeandAncient Egypt·; tbe mathematics of
radiocarbon.

Dr R.M. Clark

Computing.Orbits.
Dr J.O. Murphy

Allgust 5 How Things Begin; the development of some
mathematical con~epts.

Professor J.N. Crossley

ROYAL .. r4E'-EOROLOGICAL· SOCI·ETY ·L.ECTlJRE FOR SCHOOLS

TI'leSocietyannounces its third annual sixth form. lecture,
to.beb.el<ith~s;yearon friday 24 June in the Fritz-Loewe.Lecture
Theatre,IJIliversityof .Melbourneat 8.0(Jp.m. The speaker will
be Professor ·.P. Schwerdtfeger fr()rnFlin~ers Un~versity, South
A.ustralia. The ti tIe of his talk w~iTl be

'!What's the use Qf ..··meteor()logy"

The l~cttlre.isaimed.prilIla:rilytow~rdssenio'r students· of
physics, m~t:heIllat ics,<~eograpby ···.lind·re1a.te<:l .dfs¢lIJTillefS, . and
th~i.rtea~tlers...Thelecturewill1a~~for.ab6uton7hour with
t~rne •... fol1Qw~ing·for. qu~stionsand discussion. Supper will be
s'ervedafterwargswlthout charge.

Tickets (which are·· frC3e).and fllrther<<:letailsIDaybe obta.in7d
from .. Dr .R.K. Smith, Department'of M:a,thematics , .•• Monas-bUniversity,
telephone 541-2556, 541-2595 or, after hours', 754....5492.
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